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There are five problems (I~V). For Problem I, select and answer five
out of the ten questions. Each of Problems 11~V consists of basic and
advanced problems ([A], [B]). Answer both of them. All the problems are
given first in Japanese, and then in English. The contents of the
problems are the same. You may write the answer either in Japanese or
in English.

TNENORBIZ S & K OMERMRZE v X, £, MEE S 2 AL L
Use one sheet of answer paper separately for each problem. Write the
problem number at the top of the sheets.
TEEAMIIREOGR L L,

Draft sheets will not be marked.
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I

Answer five out of the following ten questions on condition that you have

to choose at least one question in each of the eroups |[A]. |[B| and [C].

Be sure to write the question numbers on the answer sheet clearly.

Al

Q1. Find the inverse matrix of the following matrix.

cos@ 0 sind
0 1 0
—sinf 0 cosf

Q2. Calculate the determinant of the following matrix.

-2 -7 2 =5
0 2 0 1
0 0 -1 5
0 0 0 3

Q3. Let us define the exponential function of a matrix A as exp A =
[+ >0¢, LA™ with T the unit matrix. Find exp A for the following

matrix.
0 —z
a=(77)

Q4. Let z = x + iy be a complex number with ¢ the imaginary unit.
Calculate the real and imaginary parts of the complex number e’

Q5. Let z be a complex number. Evaluate the following integral where
the contour C' goes around the circle |z| = 2 once counterclockwise.

1
d
j{; 223—1

Q6. Consider the following Fourier cosine series for the function f(z) =
|z| (=7 <z < 7). Evaluate Cy and Cj, (k # 0).

f(x)=Co+ i C cos(kx)

k=1

(To be continued on the next page)
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Q7. Let 7= (x,y, 2) be a three-dimensional position vector. Evaluate
the following expression.

V- ((V x7) 4 7]
Q8. Solve the following differential equation.
dy _
dx Y

Q9. Let y be a function of z. Find the general solution of the following
differential equation.

d? d

Q10. Evaluate the following integral where the region R represents 0 <
2?2 +1y*<a® (a>0)and z,y > 0.

// 23y dady
R
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I1
[A]

Q1. Write the kinetic energy associated with the center of mass of two particles A and B, which
have masses ma and mg and velocities va and ¥, respectively.

Q2. Two particles A and B with masses of m4 and mp initially possess the velocities vy and v,
respectively. After an elastic collision between them, the velocity of the particle A became
Ua". Write the velocity of the particle B after the collision.

Q3. A rigid cylinder with mass M and the moment of inertia I about its axis is moving with an
angular velocity w about its axis and a translational velocity ¢. Find the kinetic energy of
the cylinder.

(To be continued on the next page)



B]

Consider the motion of a point mass m constrained on the smooth inner
surface of a downward circular cone. We define the polar coordinates
r, 8, and ¢ as in figure below. The apex of the circular cone is located
at the origin O, and its axis is aligned with the vertical direction. The
half-apex angle of the circular cone is a. The gravitational constant is g.

Answer the following questions.

Az

Q1. Write down the Lagrangian L of the point mass.

Q2. Write down the Euler-Lagrange equations for the Lagrangian L
obtained in Q1, and the equations of motion of the point mass.

Q3. Consider a circular motion of the point mass on the circumference

of a circle with radius d. Show that the angular velocity w is given

(To be continued on the next page)



Q4.

gcota

d
The point mass is displaced by a small amount s along the r di-

by w =

rection from its original circular motion while keeping its angular
momentum the same. Find the equation for s, and discuss the

motion of the point mass.
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[11.

Answer the following questions [A] and [B]. We set A = 4~ with the Planck constant h.

Al

Q1. Consider a particle in a one-dimensional box, = € [0, L]. The wave function of the
particle is given as ¢, (z) = A, sin (Mx), with n = 1,2,---. Determine the positive real

L

number A, such that ¢, (z) is normalized.

0 —1 10 . B :

Sy="h| ; 02 ,and S, = h (2) 1 |- When a magnetic field, B = (B,, By, B,), is
2 T2

applied to the spin, the Hamiltonian is given as H = —Q“TBB . ? where g is the g-factor

and pup is the Bohr magneton. Write the Hamiltonian H in the form of 2 x 2 matrix.
Derive two eigenvalues of H.

O =

Q2. A spin operator with S = 1/2 is given as = (Sz, Sy, S:), where S, = h (

= O

Q3. Write down a commutator [L,, L,] for an orbital angular momentum operator f =
(Ly, Ly, L,). If necessary, one may use the definition of f, L, = ryp, —r.py, L, =
72Dy —TzDz, L. = 14py—7yDe, and the commutator of coordinate and momentum operators,
(15, p;] = ihé;; (i,] = x,y, 2).

(To be continued on the next page)
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Consider a charged particle on a two-dimensional plane in a uniform magnetic field per-
pendicular to the plane and a harmonic potential. The Hamiltonian is given by

(ﬁ - qz>2 m?

H = 2% + 1
where ¢ is the electric charge, m is the mass, ? = —ih (a%’ 3%) is the momentum operator,

Z = %(—y, x) is a vector potential corresponding to the uniform magnetic field B, and
() is the angular frequency of the harmonic potential.
Let us rewrite the Hamiltonian by using the polar coordinates, (r, ¢), defined as

T = 1Ccos @,

Yy = rsin ¢.

Then, the Hamiltonian is rewritten as

R lo* 10 162 hwe, O m(w?+40?)
+i <

om\art " ror Tr2agr) T2 e T s

where w, = % is the cyclotron frequency.

Q1. Suppose that the solution of the time-independent Schrodinger equation, Hi(r, ¢) =
Ev(r, ¢), is written in a form (r, ¢) = u(r)e’?. State the condition imposed on the pa-
rameter « such that the wave function ¥ (r, ¢) is single-valued. Write down the eigenvalue
equation for the radial wave function u(r).

Q2. If we set @ = 0, the wave function of the ground state can be written as uy(r) =
2
N exp [— <é> ], where (g is a positive-valued parameter and N is a positive normal-

ization constant. Determine {5 such that uy(r) becomes the solution of the eigenvalue
equation derived in Q1. Derive the eigenenergy Ej for ug(r). Determine N such that the
wave function ¢ (r, ¢) = ug(r) satisfies the normalization condition.

Q3. The eigenenergy FEj is a function of B. Calculate the quantity M = —%. The
answer should be presented so that the B-dependence is manifest.

Q4. Calculate the expectation value (r) for 1(r, ¢) = ug(r). The answer may contain N
and /g.
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[A]

Q1. In a space with a uniform electric field of magnitude E in the positive
direction of x-axis and a uniform magnetic field of flux density B in the
positive direction of z-axis, a particle of charge ¢ moves straight along
the y-axis with the speed v. Find v. Assume that the Lorentz force by
the electric and magnetic fields is the only external force applied to the

particle.

Q2. The integral form of the law of electromagnetic induction is given as

o o d -
fE'dl=——f B-dS ,
C dt Jg

where E is the electric field, B is the magnetic flux density, and C is

follows:

the closed curve that surrounds an area S. Apply Stokes’ theorem to the
left-hand side of above equation, and write down the differential form of
the law.

Q3. In vacuum, an alternating-current voltage V = V;sinwt is applied to a
parallel-plate capacitor which is composed of two conductive plates with
area S and separated by a distance d. Here, w is the angular frequency
and t 1is the time. Let the electric permittivity of vacuum be g,. Answer
the following questions.

(1) Find the electric flux density D between the two conductive plates.
(2) The capacitance of the capacitor is C. Find the displacement current
J which is produced between the two conductive plates and express it

using C.

(To be continued on the next page)



[B]

In vacuum, two point charges —Q; and +Q, are placed at points A and B,
respectively, which are separated by a distance [, as shown in Figure 1. r is
the distance of point P from the origin O, which is the middle point between
A and B, and 6 is the angle between the line OP and the x-axis. The
magnitude of the electric field at P is given by E, and the r-component and
the 6-component of the electric field in the polar coordinates (r,6) are given
by E, and Eg, respectively. The system of —Q; and +Q; can be regarded
as an electric dipole, where [ < r. Let the magnitude of the electric-dipole
moment be p,, the electric permittivity of vacuum be ¢,. Here, p, is equal to

Q1l. Answer the following questions. The second-order and higher-order terms

of (l/r) can be neglected.

—Q1 0 +01
S

®
A+ —><—-L-> B
2

N~

Figure 1

Q1. Show that the potential V' at P by the two point charges is given by the
following equation:
cosf
V= P1

" 4meyr?
and sketch the equipotential surfaces around the two point charges. Here,
distances ryp between AP and 1zp between BP can be approximated as
follows:

rApEr+§cost9 , erEr—Ecose .

(To be continued on the next page)



Q2. Show that the r-component E, and the 6-component E, of the electric
field at P are given by the following equations:
_ picost _ pssin®

T 2megrd O 4me,rd

Now, suppose that two electric dipoles with electric-dipole moments p; and
p, are placed in parallel to each other in vacuum, as shown in Figure 2. The
relative position between the two electric dipoles is given by 7, and the angle
between p; and 7 is given by 6. Here, the magnitudes of p;, p,, and 7 are
P1, D2, and r, respectively. Answer the following questions.

—_—

D2

=

P1

Figure 2

Q3. The potential energy U between the two electric dipoles is given by the
following equation:

UL {ﬁ'@’_%ﬂﬂ(ﬁﬂ}

Aite, | 13 >

Write down U as functions of r and 6, using p; and p,.

Q4. For —g <6<+ g, find 8 when the two electric dipoles are stable against

a displacement in 6, where r is kept constant. Find the magnitude of
the electrostatic force F between the two electric dipoles, and answer

whether F 1s attractive or repulsive.
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[A]
Ql.

Q2.

Consider a system with temperature T, pressure p, volume V, and entropy S. Let F be the
Helmholtz free energy and an infinitesimal variation of F is written as dF = —SdT — pdV.
The Gibbs free energy G is defined as G = F + pV. Answer the following questions.

(1) Write down the infinitesimal variation of the Gibbs free energy dG by using
S,V,dT,and dp.

(2) Answer the physical quantities that are given by the partial derivatives of G under

.. 0 0 .
conditions of constant p, (—G) ,and T, (—G) , respectively.
aT p op/

Answer whether each of the state quantities listed below is continuous or discontinuous in a
second-order phase transition.

entropy, heat capacity.

(To be continued on the next page)



[B]

Consider a system composed of N atoms of one kind. Let us find a relationship between
the temperature 7 and the pressure p on a solid-gas coexistence curve. The energy of
vaporization of one atom is €. The volume of one atom in the solid is v. The atoms in
the solid state oscillate at a frequency @ described as an Einstein solid. The atom in the
solid state is expressed as a three-dimensional harmonic oscillator. The atoms in the gas
state are a single-atom ideal gas. Answer the following questions, with the mass of atom
m, the Boltzmann constant ks, and the Planck constant 4 (A = h/2m).

Q1. The Helmholtz free energy of a single-atom ideal gas composed of N atoms is given
by equation (1).

F = —Nk T{?’l mksTy 1 (Y +1} 1
R 2n<2nh2) n(N) M
where V is the volume.

Find the chemical potential of the gas.

Consider the solid state. The partition function of one three-dimensional harmonic
oscillator is given by equation (2).
oo

o) S onl- 2] S el 2] S w2 @

N,=0

Q2. Find the Helmholtz free energy of the solid state composed of N atoms.

Q3. Find the Gibbs free energy of the solid state composed of N atoms, where p is the

pressure.

Q4. Find the chemical potential of the solid state.

Find a relationship between the temperature 7 and the pressure p on a solid-gas

coexistence curve.

Q5. Find the condition of a solid-gas coexistence.

Q6. Find the pressure p in the limit of pv « € on the solid-gas coexistence curve. Write

down @ dependence of p in the limit of pv <K € and kgT > hw.
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